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We study an analogue of the equations describing TE and TM modes in a pla-
nar waveguide with an arbitrary continuous dependence of the electric permittivity
and magnetic permeability on coordinates with the stationary Schro¨dinger equa-
tion. The effective potential energies involved in the Schro¨dinger equation for TE
and TM modes are found. In general, the effective potential energies for TE and
TM modes are different but in the limit of a weak dependence of the permittivity
and permeability on coordinates they coincide. In the case when the product of
a position-dependent permittivity and permeability is constant, it means that the
refractive index is constant, we find that the TE and TM modes are described by
the supersymmtric quantum mechanics.
I. INTRODUCTION
The analogy between wave optics and quantum mechanics and between geometric optics
and classical mechanics, respectively, is well known (see, for instance, [1–4] and references
therein). This analogy is not only interesting on its own right but is also important from the
practical point of view. The theoretical and experimental methods developed in one of the
fields can be successfully applied in the other. The quantum-mechanical methods, such as
factorization method or sypersymmetry, variational method, WKB method and other can
be used to investigate the propagation of light in waveguides. Vice versa, the propagation of
light in waveguides can be used for experimental verification of many quantum-mechanical
effects, such as quantum tunneling and time of tunneling, Bloch oscillations in periodic
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2structures, quantum chaos. The reviews on this subject can be found in [5–8]. Note also
recent papers [9, 10], where the quantum-mechanical analogy was used for investigation of
light confinement in waveguide structures and in microtube bottle resonators, respectively.
Note that in [12] the supersymmetric quantum mechanics was applied for investigation of
complex optical potentials with real spectra. In [13] the authors show that supersymmetry
(SUSY) can provide a versatile platform in synthesizing a new class of optical structures
with desired properties and functionalities.
The aim of this paper is to obtain a quantum-mechanical analogy of equations describing
TE and TM modes in planar waveguides with an arbitrary dependence of the permittivity
as well as permeability on coordinates. Note that previously the reduction of equations de-
scribing waveguide modes to the Schro¨dinger equation was used mostly for waveguides with
permeability equal to unity (see for instance [14–16]). The present paper is organized as
follows. In Section 2 we write the equations describing TE and TM modes in planar waveg-
uides with an arbitrary dependence of the permittivity and permeability on coordinates. In
Section 3 we show that these equations can be reduced to the Schro¨dinger equation. In
Section 4, we show that in the case when the position-dependent permittivity is inverse to
permeability the TE and TM modes possesses the supersymmetric properties. Note that
supersymmetry in our case appears from another reason than in [12, 13] and is the result of a
special tuning of permittivity and permeability, which leads to the supersymmetry combin-
ing TE and TM modes. The authors of [12, 13] consider the supersymmetry combining TE
modes in optical waveguides with two different refractive indexes that form a superpartner
pair. Finally, in Section 5 we conclude the results.
II. PROPAGATION OF ELECTROMAGNETIC WAVES IN PLANAR
WAVEGUIDE
In this section we mention the equations describing the propagation of electromagnetic
field in a planar waveguide (see, for instance, [17]). Let the planar waveguide is parallel to
the plane y− z with permittivity ε = ε(x) and permeability µ = µ(x), which are continuous
functions of x (Fig. 1). The refractive index in this case depends on the coordinate x,
namely n =
√
εµ = n(x). Such a waveguide is called the gradient waveguide.
For the description of the propagation of the electromagnetic field in the planar waveguide
3Fig. 1: Planar waveguide is parallel to the y − z plane. Electric permittivity and magnetic perme-
ability vary along x. Electromagnetic field propagates along z.
we start from the Maxwell equations
1
c
∂D
∂t
= rotH, (1)
1
c
∂B
∂t
= −rotE, (2)
divD = 0, divB = 0, (3)
where D = εE and B = µH. The solution for the electromagnetic field, which propagates
in the planar waveguide along z, can be found in the form
E = E(x)ei(βz−ωt), H = H(x)ei(βz−ωt), (4)
where β is the longitudinal wavevector, which is called the propagation constant. Substi-
tuting (4) into (1) and (2) we find two independent sets of equations. One of them contains
Ey, Hx, Hz, which form transverse electric (TE) modes. The second one contains Ex, Ez,
Hy and form transverse magnetic (TM) modes (see, for instance, [17]). One can verify that
for TE and TM modes equation (3) is satisfied.
Note that the electric field in TE mode is directed along axis y and is perpendicular to
the direction of propagation of the wave, the magnetic field contains also the longitudinal
4component. For the TM mode the situation is opposite. Namely, the magnetic field is
directed along y; electric field contains also longitudinal component.
The set of equations for TE modes can be reduced to the second order equation for Ey
and similarly, the set of equations for TM modes can be reduced to the second order equation
for Hy respectively
− µ(x) ∂
∂x
1
µ(x)
∂
∂x
Ey − ε(x)µ(x)ω
2
c2
Ey + β
2Ey = 0, (5)
−ε(x) ∂
∂x
1
ε(x)
∂
∂x
Hy − ε(x)µ(x)ω
2
c2
Hy + β
2Hy = 0. (6)
Note that these equations are equivalent with respect to exchanging Ey and Hy, ε and µ.
III. QUANTUM-MECHANICAL ANALOGY TE AND TM MODES
At the beginning of this section we note that in the case of slow dependence of permittivity
and permeability on position we can neglect ε′(x) and µ′(x). Then in the first terms of
equations (5) and (6) µ(x) and ε(x) can be canceled and as a result these equations are
equivalent to the Schro¨dinger equation
− 1
2m
∂2ψ
∂x2
+ V (x)ψ = Eψ, (7)
where ~ = 1, mass 2m = 1, energy E = −β2, wave function ψ = Ey and potential energy
for TE and TM modes are equivalent
V (x) = VTE(x) = VTM(x) = −ε(x)µ(x)ω
2
c2
. (8)
Now let us consider arbitrary dependence of permittivity and permeability on position.
Following [14] equation (5) can be reduced to the stationary Schro¨dinger equation with
some effective potential energy. It is obviously that the same can be done with equation (6).
Introducing Ey = A
√
µ(x)ψE (where A is a constant) for a new function ψE(x) we obtain
the equation
− ∂
2ψE
∂x2
+
(
−ε(x)µ(x)ω
2
c2
+
(
1
2
µ′(x)
µ(x)
)2
−
(
1
2
µ′(x)
µ(x)
)
′
)
ψE + β
2ψE = 0. (9)
This equation for TE modes is equivalent to the Schro¨dinger one (7), where mass 2m = 1,
−β2 is the eigenvalue and potential energy reads
V (x) = VTE(x) = −ε(x)µ(x)ω
2
c2
+
(
1
2
µ′(x)
µ(x)
)2
−
(
1
2
µ′(x)
µ(x)
)
′
. (10)
5Similarly, introducing Hy = A
√
ε(x)ψH for TM modes we obtain equation
− ∂
2ψH
∂x2
+
(
−ε(x)µ(x)ω
2
c2
+
(
1
2
ε′(x)
ε(x)
)2
−
(
1
2
ε′(x)
ε(x)
)
′
)
ψH + β
2ψH = 0, (11)
which is equivalent to the Schro¨dinger one with potential energy
V (x) = VTM(x) = −ε(x)µ(x)ω
2
c2
+
(
1
2
ε′(x)
ε(x)
)2
−
(
1
2
ε′(x)
ε(x)
)
′
. (12)
Thus, equations (9) and (11) represent the quantum-mechanical analogy of TE and TM
modes in a planar waveguide with an arbitrary dependence of permittivity and permeability
on position.
IV. SUSY OF TE AND TM MODES IN PLANAR WAVEGUIDES
In this section we consider a special case when the refractive index does not depend on
position
ε(x)µ(x) = n20 = const. (13)
Note that in this case we have a very interesting situation. Namely, although the refractive
index is constant, the effective potential energies for TE and TM modes are not constant.
Moreover, we will show that the considered waveguide in this case exhibits SUSY properties
and TE and TM modes are related by the SUSY transformation. A review and introduction
to SUSY quantum mechanics can be found in [18, 19].
In case (13) equations for TE and TM modes (9) and (11) can be written in the form of
the supersymmetric quantum mechanics
− ∂
2ψE
∂x2
+
(
W 2 +W ′
)
ψE = EψE. (14)
−∂
2ψH
∂x2
+
(
W 2 −W ′)ψH = EψH , (15)
where the eigenvalue
E = n20
ω2
c2
− β2 (16)
and
W (x) =
1
2
ε′(x)
ε(x)
= −1
2
µ′(x)
µ(x)
(17)
6is called superpotential.
Hamiltonians in (14) and (15) corresponding to the TE an TM modes can be factorized
as follows
HTE = − ∂
2
∂x2
+W 2 +W ′ = B−B+, (18)
HTM = − ∂
2
∂x2
+W 2 −W ′ = B+B−, (19)
where
B− =
∂
∂x
+W (x), B+ =
∂
∂x
−W (x). (20)
These two Hamiltonians can be combined in one supersymmetric Hamiltonian
H =

 HTE 0
0 HTM

 =

 B−B+ 0
0 B+B−

 , (21)
which acts on the two-component wave function
ψ =

 ψE
ψH

 . (22)
Hamiltonian (21) can be written as follows
H = Q21 = Q
2
2, (23)
where supercharges are
Q1 =

 0 B−
B+ 0

 = B−σ+ +B+σ−, (24)
and
Q2 = i

 0 B−
−B+ 0

 = i(B−σ+ −B+σ−). (25)
One can find that these operators satisfy the permutation relations
{Qi, Qj} = 2Hδij, [Qi, H ] = 0, (26)
where i, j = 1, 2, {a, b} is anticommutator and [a, b] is commutator. These permutation
relations present SUSY algebra with two supercharges. An important consequence of SUSY
7is the two-fold degeneracy of all nonzero eigenvalues. This statement is equivalent to the
following. Namely, the Hamiltonians HTE and HTM have the same nonzero eigenvalues. Zero
eigenvalue exists only for one of the Hamiltonian. Note that when zero eigenvalue exists
then SUSY is called exact SUSY. For details see review [18].
Let us consider the eigenvalue equation for TM and TE modes, which after factorization
we write in the form
B−B+ψE = EψE . (27)
B+B−ψH = EψH . (28)
Applying the operators B+ and B− to the first and second equation respectively we find
B+ψE =
√
EψH , B−ψH =
√
EψE . (29)
These transformations give the relations between TE and TM modes in the case of super-
symmetry.
Now let us consider zero eigenvalue E = 0, when β2 = n20ω2/c2. The eigenvalue equations
for this case is reduced to
B+ψE = 0, (30)
B−ψH = 0. (31)
These are first-order equations, which can be easily solved:
ψE = Ae
∫
W (x)dx = AE
√
ε(x) =
AEn0√
µ(x)
, (32)
ψH = Ae
−
∫
W (x)dx =
AH√
ε(x)
=
AH
n0
√
µ(x), (33)
where AH , AE are the normalization constants. One can see that depending on ε(x) the
localized solution with zero boundary condition exists only for one of the functions ψH or
ψE or does not exist for both functions. In the first case we have exact SUSY and in the
second one the SUSY is broken.
Let us consider an explicit example with ε = n20e
αx2 and µ = e−αx
2
, where α > 0. The
superpotential in this case reads
W = αx. (34)
8The Hamiltonians corresponding to TM and TE modes now are
HTE = − ∂
2
∂x2
+ α2x2 + α, (35)
HTM = − ∂
2
∂x2
+ α2x2 − α, (36)
that are Hamiltonians of harmonic oscillators.
A square-integrable solution with zero boundary conditions on infinity for ground state
with E = 0 given by (32) and (33) exists for AE 6= 0 and AH = 0. Thus for E = 0 which
corresponds to β2 = n20ω
2/c2 the solution is
ψH = AHe
−x2/2, ψE = 0. (37)
So, the SUSY is exact in this example. The solutions for all eigenvalues and corresponding
eigenfunctions is well known and can be found in differen ways. One of then is factorization
method or SUSY method. Eigenvalues for (35) and (36) reads respectively
ETE,n = 2α(n+ 1), (38)
ETM,n = 2αn, (39)
where n = 0, 1, 2, . . .. Thus for TE and TM modes we have
β2TE,n = n
2
0
ω2
c2
+ 2α(n+ 1), (40)
β2TM,n = n
2
0
ω2
c2
+ 2αn. (41)
Note that in the result of the SUSY
ETE,n = ETM,n+1 (42)
and respectively the propagation coefficients for TE and TM modes are related as follows
β2TE,n = β
2
TM,n+1. (43)
As we see, all the modes except the ground one with zero energy, are two-fold degenerate,
namely, for the same propagation coefficient in a planar waveguide the TE and TM modes
exist simultaneously. At the smallest propagation coefficient β = n20ω
2/c2, only TM mode
exists for this example.
9V. CONCLUSIONS
In this paper we establish an analogue of the equations describing the TE and TM modes
in a planar waveguide with an arbitrary continuous dependence of electric permittivity and
magnetic permeability on coordinates with the stationary Schro¨dinger equation. Namely,
we show that equations for TE and TM modes in a planar waveguide can be reduced to
the Schro¨dinger equation with some effective potential energy for each of the modes (10)
and (12). In general, the effective potential energies for TE and TM modes involved in the
Schro¨dinger equation are different but in the limit of a weak dependence of the permittivity
and permeability on coordinates they coincide.
There is an interesting case when the product of a position-dependent permittivity and
permeability is constant. Although the refractive index in this case is constant the electro-
magnetic wave feels the position-dependent permittivity and permeability separately and
considered structure works as a waveguide. In this case we find that the TE and TM modes
is described by the SUSY quantum mechanics. Therefore, all properties of SUSY are trans-
ferred on the propagation of electromagnetic wave in planar waveguide. Namely, in the
case of exact SUSY there exists non-degenerate zero energy ground state. This statement is
equivalent to the following. For the smallest propagation coefficient β2 = n20ω
2/c2, only one
of the modes (TE or TM) exists in a planar waveguide. The next statement of SUSY quan-
tum mechanics tells that all nonzero energy states are two-fold degenerate. It means that
with the same propagation coefficient β2 > n20ω
2/c2 two modes TE and TM exist in planar
waveguide, simultaneously. To achieve SUSY case experimentally, the position-dependent
permittivity must be inverse to permeability and then the refractive index is constant (see
(13) and example at the end of Section 4). It seems that this very tuning is the most com-
plicated problem for experimentalists. We hope that recent progress with metamaterials
(see, for instance, [20]) gives a possibility to overcome this problem and realize SUSY in
planar waveguides on the experimental level. It will allow to see experimentally all SUSY
properties in planar waveguides. One of them is the two fold degeneracy that meaning that
TE and TM modes exist with the same propagation coefficient. On the quantum level it
means that for a fixed propagation coefficient we have a two-dimensional quantum space. It
probably can be used for a realization of quantum bit which is a basic element in quantum
10
information.
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